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ABSTRACT 

Let K be a denumerable Hiibertian field with separable algebraic closure/~ and 
Galois group ~K = Gal(/~ I K), let w~,..., w, be absolute values on /~. Then 
for almost all o- E ~ :  (in the sense of Haar measure) there are no relations 
between the decomposition groups (~K(w~l),-" ",(~K(w,~,) of the absolute 
values w,cr,..., w,o',, i.e. the subgroup of (~K generated by these groups is the 
free product of these groups. 

01. Galois  groups  

1.1. Let K be a (commutative) field. Then /~  denotes the separable algebraic 

closure of K and ~K = Gal(/~ I K)  the (absolute) Galois group of K, which is 

compact under Krull's topology. As a compact group @K carries a unique Haar 

measure. Exploring the existence of certain classes of fields this Haar  measure 

has first been used in [9]. A main tool in Jarden's investigations is the following 

lemma 4.1 in [10]. 

LEMMA 1.1. Let (Nj IK)j~N be a linear disjoint sequence of finite Galois 
ertensions of the same degree over K. For each j let Aj be a nonempty subset of 
Gal(Nj I K) n. Then 

{tr ~ (~:; 3j  E N :  o" INj EAj}  

is a set of measure 1 in ( ~ .  

1.2. Let L1,. . . ,L~ be fields between K and /(, let L = O , L ,  be their 

intersection. Then the Galois group (~L is generated in the topological sense by 

the subgroups (~L, = (~i (i = 1 , . . . ,  n). By the universal property of the free 

product (which is meant in the category of profinite groups, cf. [13]) there is a 

canonical surjective homomorphism 
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~o : t ~ l * . . .  * 61,, ~ 61,. 

induced by the injections ~ ,  ~ @L- TO see that ~p is an isomorphism one has to 

use the following criterion for free products of profinite groups. 

LEMMA 1.2. ~0 is injective iff for every system G~, . . ., G,  of  finite factor groups 

of  ( ~ ,  . . ., ~n  and  for every finite factor group G of the free product G~ * . . .  * Gn 

there is a surjective homomorphism 

~b : 0 6 L ~ G  

such that r is the canonical map  

~61" " " " * ~ ---> G I * " . . * G,  ---> G. 

It is enough to know this for large factors G~ resp. G, e.g. we assume always 

that the induced maps G, ---> G are injective. 

Lemma 1.2 is easily established. If ~ would not be injective, there is an 

element t~# 1 in @ ~ * . . . * ( ~ ,  such that ~(cz)= 1. Now, by the definition of 

profinite groups, there are finite factor groups G, , .  �9 G, of @1," �9 ", (~, and a 

finite factor group G of G ~ * . . . * G .  such that the image of ~t under the 

canonical map 

( ~ 1 * ' " * 6 L  ~ G , * ' " * G .  ~ G  

is nontrivial. But then this canonical map cannot factor through ~. 

1.3. The purpose of this paper is to show that under certain assumptions 

certain subgroups of ~K generate free products. The criterion 1.2 for arbitrary 

profinite groups can be translated in the case of Galois groups in the following 

way: A factor group G of @K is the Galois group of a normal field extension 

N I K  and conversely. If G is finite and ff : G  ~ ~u is a realization of G as 

group of permutations, there is a separable polynomial f E K [ X ]  of degree d 

with splitting field N over K such that (G, if) is the Galois group of f over K (if 

K is infinite which is the case in this paper). The same argument holds for the 

factor groups G~ of ~ ,  and every factor group GI*" �9 �9 * G,  --~ G such that 

G~ ---> G is injective can be realized by representations G~ ~ ~n, such that G is 

the group generated by the G~ in ~n. Therefore we get the following translated 

criterion for freeness: 

LEMMA 1.3. ~ is injective iff for any d E N and any set fl ,  " ", fn of  separable 

polynomials  of  degree d with f~ ~ L , [ X ]  and G a l ~  [L,)-- G, C ~ u  for i = 

1 , . . . ,  n, there is a separable polynomial  f E L [ X ]  of  degree d such that f has the 
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same splitting field over L~ as f~ and Gal ( f  I L,) = G, for i = 1 , . . . ,  n simultane- 

ously. 

Then automatically Gal ( f  I L ) is generated by the subgroups G I , ' - ' ,  G,  of ~ 

because L = L1 n �9 �9 �9 n L,. The difficulty in applying this criterion lies in the fact 

that Gal ( f  [ L~) = G~ should hold in one numeration of the roots of f simultane- 

ously for all i = 1 , . . . ,  n, while for each i only the conjugacy class of Ga l0  r I Li) 

in ~ is well determined. This is the reason why the application of Lemma 1.3 in 

this paper will only give results for "almost all" cases in the measure-theoretic 

sense. 

02. Absolute values 

2.1. An absolute value on K is a nontrivial homomorphism 

v : K• R~ 

of the multiplicative group of K into the multiplicative group of the positive real 

numbers with the property 

v(a  § b) <= v(a)  + v(b)  if a, b E K, 

where as usual v(0) -- 0 by definition. Such an absolute value v has extensions to 

/ (  and all such extensions are conjugate under (~K, cf. [3], w167 and 14. 

If w is some extension of v, let 

~,,(w)= {o'E ~K; w~= w} 

be the decomposition group of w over K. Then the fixed field of (~r (w) i n / (  is 

called the decomposition field or Henselization Kw of K with respect to w. 

Henselizations of K with respect to different extensions are again conjugate 

under @K. 

2.2. Every absolute value v on K induces a metric d on K by d ( x , y ) =  

v(x  - y). The Henselization of a field K with respect to an absolute value w o f / (  

can also be seen (cf. [3], w as the separable algebraic part of the completion of 

K with respect to w, i.e. one has 

K w = { x E F 2 ; V e > O  = l y E K : w ( x - y ) < e } .  

In contrast to this fact that the extension Kw I K is very rigid from a topological 

point of view, the extension / ( IKw is topologically soft in the sense of (cf. 

[11, 2.6) 
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(Krasner's) LEMMA 2.2. Let  f E Kw [X] be a separable polynomial  o f  degree d. 

Then there is an e > O, such that every polynomial  g ~ Kw [X] of  degree d with 

w ( f - g ) <  e (this is a conjunction o f  such inequalities between correspondent 

coefficients o f f  and  g)  has the same splitting field and  the same  Galois  group over 

Kw a s f .  

2.3. Two absolute values v and v' on K are called different, if they generate 

different topologies, i.e. if there is no positive constant c such that v ' ( x )  = v (x )"  

for x ~ K. For different absolute values one has the following ([1], 1.4) 

(Approximation) LEMMA 2.3. Let  Vl, " �9 ", v,  be different absolute values on K, 

let al, " �9 ", a, be elements  o f  K, let e > 0 be a positive real number, then there is an 

a ~ K such that 

v~ (a - a~) < e for i = 1 , . . . ,  n. 

2.4. Any field K which is not an algebraic extension of a finite field has an 

infinite number of different absolute values. The arithmetic structure of the 

algebraic extensions of K, especially the connection between local and global 

behaviour, depends (cf. [14]) essentially on the question about the relations of 

different decomposition groups as subgroups of (~K. Especially one may ask: 

QUESTION I. I f  ( ~ , ' "  ", (~, are decomposition groups in (~r with respect to 

absolute values which are different on K, do ~ 1 , ' "  ", (~, generate a free product 

in (~K? 

QUESTION I'. I f  V~, " �9 ", Vn are different absolute values on K, are there exten-  

sions w~, . �9 wn on f~ such that the decomposition groups o f  wl, �9 �9 w,  generate a 

free product? 

QUESTION II. I f  w ~ , . . . ,  wn are absolute values on P, extending the same 

absolute value on K, have there to be relations between the decomposit ion groups of  

W l ,  �9 " ", W n ?  

Of course one should extend these questions to more than a finite set of 

absolute values. If e.g. K is the function field of a complex curve (or compact 

Riemann surface), and if we look only for places on the Riemann surface, i.e. 

absolute values on K which are trivial on the field C of constants, then it is well 

known (cf. e.g. [12], Kor. 4) that (omitting one place in the rational case) the 

decomposition groups of all places can be chosen in such a way that they 

generate a free product. Using a Lefschetz principle this can be generalized to 

algebraic function fields of one variable over an arbitrary algebraically closed 
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field of characteristic zero, cf. [7], w for the case of a rational function field. But 

until now all proofs use topological and analytical methods, an algebraic proof is 

still lacking. Another such global result is the decomposition of the Galois group 

of the maximal p-extension of the Z,-extension of Q as a free product of the 

decomposition groups of all places but one, given by Neukirch [14], w cf. also 

[7], w But over finite algebraic number fields as Q such global independence 

results cannot be expected. 

So Neukirch suggested studying the independence of a finite number of 

decomposition groups. But even then one is unlikely to get good answers for 

arbitrary fields. E.g. there are infinite number fields K such that there are lots of 

nontrivial decomposition groups, but (~r is "too small" to contain free products. 

For a certain class of algebraic number fields Globig could answer in his thesis 

[7], w similar questions to those stated above using cohomological methods, but 

he had to restrict himself to the solvable part of the Galois group (~r. 

In this paper we will attack the questions above without such limitations, using 

quite different methods. For a certain class of fields, which includes all finitely 

generated fields, the following answers will be given: 

I. yes, in general; I'. yes; II. in general not. 

The answer to question II cannot be sharpened to "never", already in the case 

K = Q. Also the answer to question I is not always "yes"; a counterexample for 

K = Q(~/2) is given in 4.4. 

w Hilbertian fields 

3.1. A field K is called Hilbertian (cf. [5]), if to every irreducible polynomial 

f ~ K[X, Y] separable in Y, there is a ~ E K such that [(~, Y) is irreducible in 

K[Y]. This definition differs slightly from the usual one (cf. [11], ch. VIII), 

because looking at applications we are considering here only separable polyno- 

mials The difference for fields K of prime characteristic is the following: For 

nonperfect fields both definitions coincide; and whereas perfect fields cannot be 

Hilbertian by Lang's definition, in the definition given here every purely 

inseparable extension of an Hilbertian field is again Hilbertian. 

If K is Hilbertian, then using the theorem of the primitive element for finite 

separable field extensions it is easy to see that, given irreducible polynomials 

[1,...,~rEK[X~,...,Xu, Y] separable in Y, the ~'s in K d such that 

f~(~, Y ) , "  ",fr(g, Y) are simultaneously irreducible in K[Y] form a Zariski- 

dense set in K d. The intersections of these sets with Zariski open sets in K d are 

called Hilbertian sets in K s. 
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Examples of Hilbertian fields are (finite) algebraic number fields and algebraic 

function fields. 

3.2. Let f ~ K[X, Y] be an irreducible polynomial separable in Y, and let 

g E K[X, Y] be a Galois resolvent of / over K(X) .  If g(~, Y) is irreducible and 

remains a Galois resolvent of / (~ ,  Y) which is true on a Zariski open set of ~'s, 

then /(~, Y) has over K the same Galois group as f(X, Y) over K(X) .  This 

remark was used by Hilbert [8], to construct extension fields of Q with Galois 

groups ~n and 9.In. 

3.3. A finite separable extension L of a Hilbertian field K is again 

Hilbertian. More precisely, every Hilbertian set in L d contains a Hilbertian set 

in K u, i.e., to each irreducible polynomial / E L [X, Y] separable in Y, there is an 

irreducible polynomial g E K[X, Y] separable in Y, such that for all ~: in a 

Zariski open set of K d the following holds: f(~, Y) is irreducible in L [ Y ]  if 

g(~,y)  is irreducible in K[Y] ,  cf. [11], p. 151. 

From this one gets the following lemma 2.2 in [9]. 

LEMMA 3.3. Let K be a Hilbertian field, f E K[X, Y] an irreducible polyno- 

mial separable in Y and such that Gal( f  I K(X))  = Gal ( f  I K(X) ) ,  then there is a 

sequence ~ E K ~, i E N, such that all f(~i, Y )  are irreducible over K and the 

sequence of their splitting fields N~ is linearly disjoint over K. 

For by 3.2 we may assume f being Galois and absolutely irreducible. Having 

constructed g l , ' "  ",~, with linear disjoint ~plitting fields N~, we consider f as 

polynomial over NI . . . . .  N, = N. By the first statement in this section there is 

~,+~ E K ~, such that f(~,+l, Y) is irreducible over N. But this means that the 

splitting field N,+m of f(~,+~, Y )  over K is linearly disjoint to N. 

3.4. Now assume that v is an absolute value on the Hilbertian field K. In [6], 

lemma 4.1 it is shown that the Hilbertian sets in K ~ are dense in the v-topolgoy. 

More general the following is true: 

LEMMA 3.4. Let K be a Hilbertian field, m, " " ", v, different absolute values on 

K. Denote by K~ the field K with the v,-topology, i = 1 , . . . ,  n. I f  H is a Hilbertian 

set in K d, then the diagonal map 

H---~ K'~ X . . . x K a ,  

has a dense image. 

PROOF. By the Approximation Lemma, the image of K a in Kt  a x . . .  x Ka~ 

under the diagonal map is dense; moreover for each hypersurface g = 0 in K a, 
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the open set {~ E Kd; g(~:)~ 0} is dense in each K~. Therefore it is enough 

(using an easy reduction to one polynomial) to show the following: 

If  f E K[ X1, . . ., Xd, Y] is irreducible, separable in Y, if a E K d and e > O, there 

is a (j ~ K d such that f(!J, Y )  is irreducible and v , ( ~ -  a)<= e for i = 1 , . . . ,  n. 

By the Approximation Lemma there is a b E K • with v~(b)<= e for i = 

1 , . . . ,  n. Considering the transformed polynomial f (a + bX, Y )  we see: It is 

enough to prove the above claim for a = 0 and e = 1. We will do this using 

certain radical extensions of K, so we divide the proof in two parts, correspond- 

ing to the characteristic of K. 

First suppose 2 ~ 0 in K. By Lemma 3.3 applied to the polynomial f = y2 _ X, 

there is an infinite sequence of elements in K • we write (tks) with k E No and 

j = 1 , . . . ,  d, which are independent modulo K • Changing the tkj by squares 

(using the Approximation Lemma) we may assume that the tkj satisfy the 

following approximation conditions: 

If 

k =- ~ ~ e,s2'-l+"o-I)mod2 "n, e0 = 0 or 1, 
j = l  i = l  

then 

v,(t~j)_-<l i f e~ j=0 ;  v,(tkj)___>a i f e o = l  

for a l l j = l , . . . , d ;  i = l , - . . , n ;  k E N o ,  where a = 2 + V ' 5 .  

Coming back to our original problem, we consider the transformed polyno- 

mials 

fk = f ( (X ,  - tk ix ;')-', �9 �9 ", (Xa - tkdX~l) -1, y )  

in K ( X , . . . , X d ) [ Y ]  for k ENo. For a fixed k we set 

z j  = x j  - t~ jx  ; 1 ( j  = 1 , . . . ,  d ), 

so the field extension K ( X )  I K ( Z  ) is given by the equations 

X ~ -  Z,X, - tk, = 0 (j = 1, . .  ", d) 

and may be seen geometrically as a 2 n-sheeted covering of the affine d-space by 

another affine d-space. Looking at the residue extensions above the point 

Z1 . . . . .  Zd = 0 we see that all these coverings of the afline Z-space are 

linearly disjoint (with varying k we fix Z and vary X!). Now the polynomial 

f ( Z l , . .  ", Zd, Y )  is irreducible in K ( Z 1 , . . . ,  Zd)[Y] by assumption, so remains 

irreducible over almost all members of a linear disjoint family of field extensions 

of K(Z) .  Therefore  nearly all fk are irreducible in K ( X ) [ Y ] .  
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Forget t ing some indices we may assume that  all f~ are irreducible.  Now take 

11 E K • such that  all the  polynomials  fk 01, Y) with k < 2 na are i r reducible  over  

K. Taking /3 = �89189 we define for  i = 1 , . . . , n ;  j = 1 , - . . , d  

e o = O  if v,(nj)>=/3; e,~= l i fv , (aTj)</3.  

If v, (r/ ) _-> /3 and v , ( t )=<l  one  has 

v , (n  - tn-')>= v , ( , ~ ) -  v , ( t n - ' ) ~  13 - / 3 - ~ =  :, 

if v,(n)_-</3 and v,(t)>-_a one has 

v, (n - tn - ' )  >-- v, ( t n - ' ) -  v , ( n ) _ -  > a / 3 - ' - / 3  = 1. 

There fore ,  setting 

we have 

k = ~ ,  8~2 i-1+"0-1) 
1,1 

v, (rt, - tkjTt}-') ~ 1 

for  all i = 1 , . . . ,  n ; j = 1,.  ' ", d, and with 

~J = (n, - t~,n ; ' ) - '  

we have 

v,(:)_-< i 0 = i , . . . , , , )  

and fk (~, Y ) =  f(~, Y) is i r reducible  over  K, so the proof  of L e m m a  3.4 is 

finished, if K does  not  have characterist ic  2. 

If 2 = 0 in K, we consider  the polynomial  f = y 3 _  X and get a sequence  (tkj) 

of e lements  in K • which are independen t  modulo  K • Substi tuting 

with 

f~ = f ( z ; ' , . . . ,  za' ,  Y) (k ~ N) 

z j  = x~ - t~jx; 2 (j = 1 , . . . ,  d )  

the  p roof  of  the first case goes through also in this case, one  has only to  change  

the constants  a, /3 which have now to be def ined by / 3 s / 3 2 _  1 =  0 and 

a = 2/32+ 1. 

3.5. A consequence  of 3.2, 3.3 and 3.4 is the following proposi t ion,  which is 

one  main step in proving our  results, and general izes  lemma 3.1 in [10]. 
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PROPOSITION 3.5. Let K be a Hilbertian field, v x , " . ,  v, different absolute 

values on K and f x, . . ., f ,  polynomials of degree d in K [ Y]. Let e > 0 be a positive 

real number. Then there is a sequence of polynomials gj E K[ Y] of degree d such 

that for all / E N 

(i) v, (gj - ~) < e for i = 1 , . . . ,  n, 

(ii) Gal(g i / K ) = ~ ,  

(iii) the splitting fields of gj over K are linearly dis/oint. 

PROOF. C o n s i d e r  t h e  general polynomial f = y d  -t- X 1  y d - l  d- �9 "" -t- X a  in  

K[X~ , . . . ,X~ ,  Y]. By the theory of symmetric functions we have 

Gal ( f  I K ( X ) )  = Gal(J I/~(X)) = ~d. Applying the arguments of 3.3 and using 

the density property given in 3.4 we get the proposition. 

04. Statement of results 

4.1. With the definitions of w167 we are now able to state the following main 

result: 

THEOREM 4.1. Let K be a denumerable Hilbertian field with separable alge- 

braic closure K, and Galois group @K, let w~, . . . ,  w, be absolute values on K, 

(different or not). Then for almost all o" ~ 6)~ the decomposition groups 

@K(wlo ' l ) , . . ' , ~ r (w ,o ' , )  generate a free product @x(w~)" ,* . . .* t~K(w,)  ~- 

in (~K. 

It should be remarked that in Theorem 4.1 it is not just the denumerability of 

K which is needed in the proof, but one needs the separability (in the topological 

sense) of the decomposition groups. Therefore Theorem 4.1 is also true e.g. for 

K being an algebraic function field of one variable over k with Gal( /~lk  ) 

separable, if the absolute values are trivial on k. 

4.2. For convenience of the reader, we first prove Theorem 4.1 in the special 

case, where all w~ induce the same absolute value on K, i.e. where all w~ are 

conjugate under ~K. This corresponds to question II in 2.4. Then we consider 

the case where all w, induce different absolute values on K, answering question I' 

and I in 2.4. At the end we consider the general (mixed) case. 

4.3. Theorem 4.1 may be generalized to higher rank valuations. I will state 

another generalization in the archimedean case. Theorem 4.1 says especially: 

Given some involutions o '~, . . . ,o ' ,  in @x such that the fixed fields have 

archimedean orderings, then in general {o'~, �9 �9 try) = (o'~)*.. .  * (~r,). But this is 

true for arbitrary real closed fields: 
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THEOREM 4.3. Let  K be a Hilbertian field, let or~, . . ., or. be involutions in (~r. 

Then for almost  all ~r E 1 ~  we have 

( o ' ~ ' ,  . . . ,  o" ,o)  - -  ( o ' ? )  * . . . * (o r~") .  

4.4. To see that it is reasonable to state the above theorems in a probabilistic 

habit, here is a counterexample of two decomposition groups which do not 

generate a free product. Let  K be a real quadratic number field, e.g. K = Q(x/2). 

Then K has two different archimedean absolute values. By Theorem 4.1 or 4.3 

there are two involutions tr and z in (~K, generating two corresponding 

decomposition groups, such that ~ = (or, r ) =  Z/2Z *Z/2Z is the free diedral 

group, i.e. # = on" generates a free pro-cyclic group (this remark fills a gap in [4], 

w where only diedral groups are constructed such that o~- had an odd order, cf. 

the footnote 1~ in [2] where Theorem 4.3 is stated for K = Q, n = 2). Then ~ has 

two conjugacy classes of involutions, represented by or and ~'. If n = 1 + 2m with 

m E Z, then the subgroup (or, p")  is again a diedral group with two conjugacy 

classes of involutions, represented by or and orp", corresponding to different 

absolute values on K. So (or) and (orp") are again two decomposition groups of 

K, but if an infinite power of some prime number  divides n, then (or, or#") is not a 

free product, because p" does not generate a free pro-cyclic group. 

w Proof in the first ease 

5.1. Let K be a Hilbertian field, w an absolute value on /~ with the 

decomposition group g~l in @~ and the Henselization L1 = Fix (@,). Assuming 

@1 to be separable, we will show in this paragraph that for almost all tr  E @~ the 

groups @~",-..,  (~ -  generate a free product in @K. 

5.2. By Lemma 1.2 we have to realize large finite factors G of ~ = 

( ~  *- �9 �9 * @z (n times) as Galois groups over the intersection L of the Henseliza- 

tions o',~L1 of K. Now ~ ,  operates on ~ by permuting the factors. Therefore  we 

form the semi-direct product 

~=~3 .~~ 

with normal subgroup ~ .  With @, also ~ and @ are separable, so we have 

= lim Ei 
<..._ 

with finite factors th~ : ~ ~ El. Setting G, = ~b, ~ ,  then also 

= lim G, <...- 
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so it is enough to realize these groups Gi over L. We may assume that ~b~ [ ~ is 

injective, so 

Ei = G, " | 

is again a semi-direct product of finite groups. The image of the first factor @~ in 

under $~ we call Hi, the images of the other factors @~ in ~ under $i are then 

conjugate to Hi under transpositions (l j )  of ~ , ,  j = 2 , . . . ,  n. Therefore Ei is 

generated by H~ and the (l j). 

5.3. If [Eli = m,, we take a regular embedding 

The restriction of ~pi onto subgroups as Hi is a multiple of the regular 

representation there. 

Now, because Hi is a factor group of ~ , ,  there is a normal extension M [ L~ 

with Galois group Hi. If r, = [E~ : Hi], we choose ri different normed polynomials 

fi E K[X]  of degree mdri irreducible over L~ such that M is the splitting field of 

each fj over L,. Then f =  Ilff~ has the Galois group (/-L,~i) over L~. By 

Proposition 3.5 (used for only one absolute value w) in combination with 

Krasner's lemma applied to f, we get a sequence g~ of polynomials in K[X]  of 

degree mi such that for all k ~ N 

(i) Gal(g~ ]LO=(/- / , , r  ), 

(ii) Oal(gk [K)  = ~ , ,  

(iii) the splitting fields K~ of gk over K are linearly disjoint. 

Let s s ~ ~,~, be the r of the transpositions (lj). By Lemma 1.1 5.4. 

the set 

E i = { ~ ' E ~ ; 3 k : r  s l K~  = s s f o r j = l , . - . , n }  

is of measure 1. Now for ~" E Xi the subgroup (@~, z~, . . . ,  zn) of @K induces on a 

certain K~ the group r = (gI-L, s2 ,"  ", s,) in ~,~, = GaI(K~ [K). Therefore the 

subgroup ( ( ~ ; ' , . . . , ( ~ )  of ~K induces on Kk the subgroup r = 

(q/-L, ~H~, ' '  ", r and so Gi is realized as Galois group over L = 1"17=~ ~';1L1. 

5.5. Also X = N i~r~ Xi is a set of measure 1 in ( ~  and for ~- ~ X all mappings 

~ Gi can be factored over (~L. By Lemma 1.2 the claim 5.1 follows. 

w Proof in the second case 

6.1. Let K be a Hilbertian field, w~,. . . ,  w, be absolute values o n / (  which 
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induce different absolute values Vl," ~ ", ~)n on K. Let @1," �9 ", @, be the decom- 

position groups of w l , . . . ,  w., the @i being separable, we will show in this 

paragraph that for almost all o" ~ @~ the groups @~'1,..., @~, generate a free 

product in @K. 

6.2. Let L, be the fixed field of @~. To apply Lemma 1.3, we take (using 

Krasner's lemma) separable polynomials f~ E K[X] of degree d with Galois 

groups G~ C ~a  over Li for i = 1,-- . ,  n. By Proposition 3.5 and Krasner's lemma 

we get a sequence gj of polynomials of degree d in K[X] such that 

(i) Gal(gj I L,) is conjugate in ~d to G, (i = 1 , . - . ,  n), 

(ii) Gal(gj I K)  = Ca, 
(iii) the splitting fields Kj of gj over K are linearly disjoint. 

For each j we have elements %, E GaI(Kj I K)  = ~ such that 

Gal(gi [ L,)'; = G,. (i)' 

Now the set 

~, = {tr E ( ~ ;  3 jV i  :o'~ IKj = %,} 

is of measure 1 by Lemma 1.1, and for ~r E X~ we have for a special j 

(i)" Gal(gi [o';~L,) = G~ for i = 1 , . . . ,  n. 

6.3. Because ~ are separable, it is enough to do the construction of 6.2 for a 

denumerable set of n-tuples .f = ( / , , - . . ,  f ,) .  Now 

r - = N ~ r  
f 

is again of measure 1 in @~, and for ~r E X we get for each system (G1, �9 �9 ", G,)  of 

factor groups of (@1, �9 �9 @.) in ~u a polynomial gj with (i)". By Lemma 1.3, the 

groups @1,'" ", @, generate a free product. 

w Proof in the general ease 

7.1. Let K be a Hilbertian field, let w~j with i = l , - . . , n ;  j = l , . . . , r ~  be 

absolute values on /~ such that w~j induces on K the absolute value v,, and 

vl , ' "  ", v, are distinct. Let N = X7=1 r~ and (~j be the decomposition groups for 

w~j. Then we will show now, combining the methods of w and w that @Tj'J 

generate a free product for almost all o- = (o'~j) E ~ .  

7.2. From the results of w we get: Let L~j be the fixed field of @~j. Let 
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~3 = ~1 *" "" * ~n with ~,  = @,1 * . . .  * ~,r,, let ~b : ~3-~ G be a finite factor such 

that the GO--~b~ij are isomorphic for fixed i under the operation of a 

symmetric group on ~i ,  let q~ : G ~-~ ~d be a regular representation, then there 

are separable polynomials g, ~ K[X] of degree d such that 

Gal(g, [ trTjlL~j) = ~G~s 

for j -- 1 , . .  ",ri for almost all (tr~j)E ( ~ .  

7.3. With Proposition 3.5 we get from 7.2: 

There is a sequence fk of polynomials in K[X] of degree d such that 

(i) v, 0 t k - g , ) < e  for i = l , . . . , n ,  

(ii) Gal(fk I K)  = ~d, 

(iii) the splitting fields of f~ over K are linearly disjoint. 

The condition (i) shows by Krasner's lemma that 

(i)' Gal(f~ I L~j) is conjugate to ~0G,j 

(the ~G~s being conjugate for fixed i). 

7.4. Now one specifies the conjugations of (i)' by elements in ~ = 

Gal(fk I K), and as in w we get the result 7.1, so Theorem 4.1 is proved. 

w Proof of Theorem 4.3 

8.1. The proof of Theorem 4.3 (which existed before Theorem 4.1 and was 

presented at the conference of algebraic number theory in Silivri, 1975) can be 

given along the same lines as the proof of Theorem 4.1. One has only to check 

that the used tools are valid (in some sense) also in this case. This is not so clear 

for Krasner's lemma, the Approximation Lemma and the density lemma 3.4. 

8.2. Krasner's lemma indeed holds true for arbitrary real closed fields, but 

there is more known under the name of 

(Sturm's) LEMMA 8.2. Let K be a real closed field, f E K[X] separable. Then 

the number of real roots of f is locally constant under variation of the coefficients 

off. 

This follows e.g. by the classical method of Sturm's chains. 

8.3. There is no Approximation Lemma for a finite set of orderings on a field 

K, as can be seen from the two orderings of the power series field K = R((T)), 

which are both non-archimedean, T being infinitely small, and differ in the sign 
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of T. There is no x E K  such that I I - x l < l  holds in one ordering and 

1 3 - x l <  1 in the other. 

Even the following weak independence is not true for orderings, namely that 

there is an x E K with prescribed sign for each ordering. This can be seen from 

the four orderings of the power series field K = R((X))((Y)),  an x E K which is 

positive for 3 orderings is also positive in the fourth. 

8.4. In the same way density arguments may become wrong, because an 

ordered field is not necessarily dense in its real closure. But one has the following 

substitute for Lemma 3.4. 

LEMMA 8.4. Let K be a formal real Hilbertian field with n orderings > ~ given. 

I f  a E K d and e~ >~ 0 with e~ E K, any Hilbertian set in K d contains elements 

such that for i = 1 , . . . , n  one has in the i-th ordering [a - ~ l <= e,. 

This is essentially lemma 11.1 of [10]. Assuming e, <, 1 and setting e = 

(e~2+ . . . +  e~2) -1 we may take e~ = e for i =  1 , . . . , n .  Given an irreducible 

polynomial f (X,  Y) ,  the transformed polynomial 

f (a ,  + e(X,- 1)(x1+ 1 ) - ' , . - . ,  a. + e (X .  - 1)(X, + 1)-', Y) 

shows it is enough to prove that every Hilbertian set contains elements which are 

positive for all orderings. This can be seen by considering the polynomial 

f (X~, + X~2 + X~3 ,"  ", X2,, + X~: + X~3, Y )  which is irreducible by lemma 10.3 

o f  [10] .  

8.5. With these tools we can give a proof of Theorem 4.3 along even 

simplified lines. Let L, be the fixed real closed field of o-~. Let 

= (o',) * . . .  * 

be the free product of n copies of Z/2Z. Let ~ : ~---> G be a finite factor goup of 

of order 2m, we may assume ~r ~ 1 for i = 1,. �9 n. Let 

be the regular representation of G and r = s~, which are products of m 

transpositions, so all conjugate in ~2m. The separable polynomial 

f = ( x  + 

has over any real closed field a Galois group conjugate to (s,). Now looking at 

the proof of Proposition 3.5 and using Lemma 8.4 instead of 3.4, we get a 

sequence of polynomials gj E K[X]  of degree 2m such that 
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(i) gj close to f in all orderings, 

(ii) Gal(gj I K) = ~2,,, 
(iii) the splitting fields of gj over K are linearly disjoint. 

From (i) with the aid of 8.2 it follows that 

(i)' Gal(gj [L,) conjugate to (s,) (i = 1 , . . . ,  n). 

Specifying these conjugations by elements in | we proceed as in 6.2 and see 
that ~b :~---~ G factors over (trI',-..,o'~-) for almost all ~" E I~K. Now G is 
running over a denumerable set of finite factor groups; by the argument of 6.3 
and Lemma 1.2 we get Theorem 4.3. 
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